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Disussion of Investigation of Flow Upstream of Ories by D. B. Bryant, A. A.
Khan and N. M. Aziz






In their paper (Bryant et al., 2008) the authors use potential ow theory to study ow upstream
of ories, and ompare theoretial results to a large set of experimental data. As pointed
out previously by dierent authors among whih Shammaa et al. (2005) and Belaud and
Litrio (2007,2008), potential ow assumptions give a quik and eient method to estimate
the veloity eld generated by an orie and may be suient for many engineering appliations
that do not require to take all the real uid eets into aount, suh as vorties. This paper
therefore provides another interesting appliation of the potential ow theory to real ases.
However, there seems to be some onfusion about the notions used in the paper, espeially
the radial veloity and the veloity magnitude, and this disussion aims at bringing some om-
plements to larify these points. We also larify the way one should apply the priniple of
superposition, and nally provide some theoretial bakground for the study of the veloity
distribution.
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Potential Flow in Polar Coordinates
The paper uses the potential method desribed in Shammaa et al. (2005). Aording to Bryant
et al. (2008), the appliation of this method gives a good desription of the ow far from the
orie but a rather bad desription of the ow pattern near the orie. The authors therefore
propose a so-alled new model that better reprodues the ow pattern. This disrepany
between the two models is surprising, sine the method used by Bryant et al. (2008) to derive
the potential funtion is exatly the same as the one originally proposed by Shammaa et al.
(2005). In fat, the model proposed by the authors is obtained from the original model of
Shammaa et al. (2005) via a simple hange of oordinates, whih does not justify in our view
the denomination of new model.
Moreover, the disrepany appears to be due to a misunderstanding of the original model of
Shammaa et al. (2005) whih orretly represents the veloity pattern (see Fig. 3 in Shammaa
et al. (2005)).
First of all, let us reall that the ow potential Φ, in the plane x − z (the same notation as
Bryant et al. is used), is a funtion of r and θ, ontrarily to the notation used by the authors in









~V = Vr ~er +Vθ ~eθ. We reall in Figure 1 the denition of the radial and transverse veloities
Vr and Vθ and the unit vetors ~er and ~eθ.
In the vertial plane x− z, the veloity magnitude V an be omputed as follows:
V =
√




Figure 1: Denition of veloity omponents in a vertial plane (x− z)
Assuming that the potential depends only on r leads to assume that Vθ is zero, whih in turn
gives V = |Vr|. Note that Vr should be negative in the ase of a sink.
In fat, it is not lear whih quantity is displayed in the gures of the paper. The legend
states Vr, i.e. the radial veloity, but the disussers think that the plot orresponding to the
new solution and the experimental results in fat represent the veloity magnitude, while the
original solution orresponds to the magnitude of the radial veloity.
Therefore, we think that the apparent disrepany between the original and new solutions is
due to a onfusion between radial veloity and veloity magnitudes. Provided the origin of the
polar oordinates is in the orie, these two quantities are lose to eah other far from the orie
as pointed out by the authors, but largely deviate as we approah the orie.
We now use an analytial model derived by Belaud and Litrio (2007) to illustrate these on-
epts.
Radial Veloity and Veloity Magnitude
Let us onsider a square orie of side 2c entered in 0, and use potential ow theory to
express the veloity omponents in Cartesian oordinates. As shown by Belaud and Litrio
(2007) for any retangular orie, the potential ow solution an be expressed in losed-form
for the veloity omponents Vx, Vy and Vz. To simplify the writing, we alulate the veloity
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omponents in x− z plane. Due to symmetry, the omponent Vy is null. We introdue





c2 + x2 + (c− z)2, (3)
r2 =
√
c2 + x2 + (c+ z)2, (4)
λ1 =
√

















x2 + (c+ z)2
, (8)
in whih Q is the disharge through the orie.















Vz = M log
[
(r1 + c)(r2 − c)
(r1 − c)(r2 + c)
]
. (10)













V 2x + V
2
z . (12)
These veloities are plotted at dierent distanes from the orie in Figure 2. The distanes are
normalized by the equivalent diameter d = 2
√
4/πc whih gives the same area for the square
orie as for a irular orie of diameter d. The plots are very similar to those of Bryant et al.
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Figure 2: Veloity values along z oordinate at dierent distanes x from the orie plane.
et al. (2005), while the solution presented as the new solution appears to be the veloity
magnitude. Far from the orie, the transverse omponent of the veloity beomes small and
both quantities beome very lose. Figure 3 shows the iso-veloity lines in the plane x− z and
an be ompared to Figure 3 of Bryant et al. (2008): the dotted lines depit the radial veloity
Vr, while the plain lines depit the veloity magnitude. We an also point out that the orie
shape has little inuene in the domain of study.
As a side remark, we note that using Eq. (1), we have:
V 2r ≤ V 2. (13)
This inequality explains why, in Figures 3 and 4 of Bryant et al. (2008), the original solution is
always lower than the so-alled new solution, in whih the veloity magnitude V is alulated
from Eq. (12) of this disussion and Eqs. (5) to (7) of Bryant et al. (2008).
Priniple of Superposition
Aording to the priniple of superposition, the potential funtion, the stream funtion and the
veloity vetors an be added when superposing dierent sinks, but the veloity magnitudes
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Figure 3: Iso-veloity lines in x− z plane
an ertainly not be added.
Let us illustrate this point in the ase of the superposition of two veloity elds. We want to
nd the resulting veloity elds by superposition of the elds
~V1 and ~V2. The resulting eld is
given by:
~V = ~V1 + ~V2.
This an be expressed in any oordinate system by adding the omponents of the veloity vetor
along the oordinate basis. In Cartesian oordinates, we get:
Vx = V1x + V2x
Vz = V1z + V2z.
In polar oordinates, we get:
Vr = V1r + V2r
Vθ = V1θ + V2θ.
Therefore, the radial veloity omponents an be added while superposing dierent sinks, but
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the transverse omponent Vθ is needed in order to ompute the veloity vetor. This is valid
only if the same oordinate system is used for all the superposed sinks. In the polar oordinates
ase, it is important to hek that the two systems are desribed using the same origin.
The expressions provided by Shammaa et al. (2005) in Eqs. (1011) are orret and lead to the
same results as in Cartesian oordinates. The disrepany between the original solution and
the new solution in Figures 10, 12, 13 and 14 of Bryant et al. (2008) is again probably due to a
onfusion between radial veloities and veloity magnitudes. Aording to the disussers' alu-
lations, these plots (original solution) may result from the addition of the veloity magnitudes
or from addition of radial veloities alulated with a dierent origin for both soures.
Eet of the Veloity Distribution
The authors used an empirial method to determine the limit when the veloity distribution
should be onsidered. The present disussion brings some theoretial elements onsistent with
the experimental results. To simplify, we onsider a square orie of height 2c. The eet of the
orie size an be analyzed by onsidering that an orie is omposed of two parts, an upper
part of height c, entered in +c/2, and a lower part of height c, entered in −c/2.
The mean head above the upper orie is h0− c/2, while the mean head above the lower orie
is h0+c/2. Sine the orie strength is proportional to its disharge and therefore to the square
root of the head, the mean error ǫ on the strength between the lower and the upper ories an
be estimated by :
ǫ =
√









for small values of c/h0.
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If d = 2c is the height of the orie and if we take ǫ = 0.02 as the authors do in their paper,
orresponding to an error of 2%, we nd a limit of h0/d = 12.5, whih is exatly the result
obtained experimentally by the authors.
The same analysis onduted with a irular orie would lead to a slightly dierent result, but
the analysis gives a rough and rapid estimation of the eet of the veloity distribution within
the orie. This may be helpful to deide whether, or not, the veloity distribution should be
used in the potential ow solution. If not, we may use losed-form expressions for the veloity
eld (see equations (9) and (10) of this disussion for the square orie).
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